INTERACTION OF LONGITUDINAL WAVES WITH TRANSVERSE WAVES
Interest in elastic wave propagation in nonlinear media has grown considerably in recent years. This is probably due to the increasing number of sophisticated applications in engineering and science where the simple linear theory breaks down. Until now, most of the existing literature on waves in nonlinear solids (see [1] and its references) considers only the propagation of one-dimensional longitudinal or transverse waves. They are solved either by the method of characteristics for a system of two reducible first-order hyperbolic partial differential equations with two independent variables, or by related methods.
In this paper the simultaneous propagation of periodic plane harmonic longitudinal and transverse waves (with angular frequency u known) in isotropic nonlinear dispersive elastic media of infinite extent is studied. The dispersion comes from the equivalent body forces which are assumed to be functions of the displacement vector u and its various partial derivatives. This kind of mathematical model can be realized approximately for wave propagation in a medium composed of a soft nonlinear elastic base material -with stiff reinforcing structures imbedded in the base. Our analysis is based upon a generalized version of the iteration method previously employed to construct solutions of the eigenvalue problem of simpler nonlinear partial differential operators [2, 3] . One interesting feature of this method is that it yields no secular terms.
In Sec. 2, the equations of motion for wave propagation in nonlinear dispersive elastic media are derived in the third approximation. In Sec. 3, the problem of simultaneous propagation of periodic plane harmonic longitudinal and transverse waves in an infinite isotropic nonlinear dispersive elastic medium is analyzed by using the above-mentioned iteration scheme. General formulae for the iterated displacement vector and propagation constants are given; the first iteration is carried out explicitly in See. 4. Effects of the equivalent body forces and the nonlinearity of the medium on the interaction between longitudinal and transverse waves and on their respective dispersion relations are discussed in the last section.
2. Basic equations.
In nonlinear elastic media, the strain tensor can be expressed ""-Kt + g + St)' I. where F, is the ith component of a body force F and p is the mass density. It would be too cumbersome to write out the corresponding equations of motion in their explicit forms. However, they will be explicitly written out for a special case in the next section. In this paper, we shall only consider the special type of nonlinear dispersive elastic media in which F is a function of u and its various derivatives. Thus Fi = r.M,-+ P,(u, || , fy ,
where I\Mf is the only linear part of F,-. This type of mathematical model can be realized for physical problems in the following manner. Consider the case in which the elastic medium is composed of a soft nonlinear elastic base material and stiff reinforcing structures imbedded in the base. On the one hand, one can solve the problem of wave propagation in this type of media very crudely by using the method of averaging or smoothing. There the averaged or effective elastic constants are used and the interaction of the soft nonlinear elastic material with the stiff reinforcing structure is completely eliminated by the averaging process. On the other hand, one can try to solve this boundary value problem exactly. However, this approach is much too complex to yield any useful results. Nevertheless, a combination of these two approaches can be used, if one understands what the stiff reinforcing structures really do to the base material. In reality these reinforcing structures mainly serve as constraining forces on the motion of the base material. Thus, in forming a better model for the problem, the effects of the reinforcing structure on the base material can be incorporated into the equations of motion for the base material alone as equivalent body forces F. Because these equivalent body forces come into effect only if there is any displacement of the base material from its equilibrium position, F must be a function of u and its various partial derivatives.
3. General formulation. For plane harmonic elastic waves propagating in the Xi direction, the equations governing the displacement field can be deduced from (2.4)-(2.7): where the angular frequency to is regarded as given and kt and kt , the propagation •constants of the longitudinal and transverse waves respectively, are to be determined. Then the system (3.1) in the new variables takes the form Note that w = = 0 is a trivial solution of (3.7)-(3.18).
Finding the values kt and k, such that the homogeneous system (3.7)-(3.9) has a nontrivial solution (u, v) is a nonlinear eigenvalue problem. Hence, the iteration method developed in [2] , [3] can be used here. Let sequences {Q"), ' S"}, {&,"} and be the sequences of u, v, kt and k, respectively. where e and 5 are amplitudes and <p is the phase difference between U0 and V0 . Note that if 71 = 71 = 0, then cos f (2 -r) and cos t)(y -r) for any constants f and ij still satisfy the respective equations (3.37) and (3.38). In other words, both k}0 and k]0, the eigenvalues of the linearized problem, have infinite multiplicity. This often implies the nonexistence of periodic solutions [5] which leads to the appearance of shock waves. Since nontrivial solutions to the system (3.25)-(3.28) exist, the necessary condition for the existence of solutions to the system (3.25)-(3.28) is that the right sides of (3.25) and (3.26) be orthogonal to U0 and V0 • These orthogonality conditions give the equations for {&,"} and {&,"} U0Xn dx dr = 0, • (cos iz' cos iz cos jr' cos jr + sin iz' sin iz cos jr' cos jr + cos iz' cos iz sin jr' sin jr + sin iz' sin iz sin jr' sin jr), From the dispersion relations (4.17) and (4.18), it can be seen that the only corrections to the propagation constants for the linearized values, k[0 and kt0 , come from the nonlinear parts of the equivalent body forces. Because of the positive powers of e and 5 in these equations, the propagation constants depend upon the amplitudes of the elastic waves and equal the linearized values only when the amplitudes become identically zero. Furthermore, k, and k, will be greater or less than kt0 and kl0 according as the signs of 1 r2T r2T 1 r2r r2r 2^7 J0 J k'oP' dx dr and J J V0p2 dy dr are negative or positive, and therefore the phase velocities ukj1 and ukj1 are lower or higher accordingly.
Eq. (4.19) describes the motion of the longitudinal displacement vector approximately. The first term of (4.19) represents the fundamental mode of a propagating wave with phase velocity ukj1. The presence of the second term is due to the nonlinear interaction of the fundamental longitudinal wave with itself; it represents a second harmonic propagating with the same phase velocity as that of the fundamental wave. The third and fourth terms come from the nonlinear coupling between the propagating fundamental transverse wave and itself. For fc10/c7j ^ \m, m = 3, 4, 5, • ■ • , the third term gives the space-independent second harmonic oscillation, and the fourth term represents second harmonic standing waves with phase velocities 2u(iki)~1, i = 1, 2, 3, • • • . When fcl0fcl£ = %m, m = 3, 4, 5, • • • , the term with m = 1 gives a second harmonic propagating wave with phase velocity aj(fcl0fc;)-1fci0 • Finally, the last term represents the sole effect of the nonlinear part of body forces on longitudinal waves; it cannot be discussed in detail without pi being specified explicitly.
The motion of the transverse displacement vector is described by (4.20) approximately. The first term of (4.20) represents the fundamental mode of a propagating transverse wave with phase velocity uk~l. The second, third and fourth terms are due to the nonlinear interaction of the fundamental transverse wave with the fundamental longitudinal wave. The second term gives static transverse displacement. The third term is the space-independent second harmonic oscillation, and the fourth term represents second harmonic standing waves with phase velocities 2 w(ifc,)_1, i -1, 2, 3, • • • . Finally, the last term represents the sole effect of the nonlinear part of body forces on transverse wave. Note that, so far as the first iteration is concerned, there is no propagating mode other than the fundamental in the transverse displacement vector.
What are the effects of nonlinearity of the elastic medium on propagation constants? What are propagating modes other than the fundamental wave of the transverse displacement vector? These questions will be answered in a subsequent paper by examining the second iterate.
